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Abstract. We generalize the Omori-Yau almost maximum principle of the Laplace-Beltrami oper- 
ator on a complete Riemannian manifold M to a second-order linear semi-elliptic operator A with 
bounded coefhcients and no zeroth order term. 

Using this result, we prove some Liouville-type theorems for a real- valued function f on M 
satisfying A/ > F{f) + ff(|V/|) for real-valued continuous functions F and H on M. such that 
H{0) = 0. 
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1. Introduction 

Let {M,g) be a smooth complete Riemannian manifold of dimension n. A second-order 
linear differential operator A : C°°(M) — )• C°°(M) without zeroth order term can be written 
as 

A(/) = Tr{A o hessif)) + g{V, V/), 

where A G r(End(TM)) is self-adjoint with respect to g, hess{f) S r(End(TM)) is the 
Hessian of / in the form defined by hess{f){X) = VxV/ for X G T(TM), and finally 
V G r(TM). In this article, we will deal with the semi-elliptic case, i.e. A is positive 
semi-definite at each point, and we always assume that 

sup Tr (A) -|- sup ||F|| < oo. 

M M 

The purpose of this paper is that such a operator D shares important properties with 
the Laplace-Beltrami operator, particularly Omori-Yau almost maximum principle and 
Liouville-type theorems for subharmonic functions. 

To state our main theorem, we need the following definitions. 

Definition 1.1. Let n be a real- valued continuous function on M and let a point p G M. 
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• a function u is called proper, if the set {p : u{p) < r} is compact for every real 
number r. 

• a function v defined on a neighborhood Up of p is called an upper-supporting function 
for u at p, if the conditions v{p) = u{p) and v > u hold in Up. 

Definition 1.2. A proper function u : M — )■ R is called a tamed-exhaustion, if the following 
condition holds: 

(1) u > , 

(2) At all points p £ M it has a smooth, upper-supporting function v at p defined 
on an open neighborhood Up such that ||Vu|| < 1 and Av < 1 at p, where A is the 
Laplace-Beltrami operator. 

The existence of a tamed exhaustion function on a complete Riemannian manifold is not 
quite a restrictive condition. In fH], it is shown that such a function exists if the Ricci 
curvature Ric satisfies 

i?ic(Vr, Vr) > -Bp{r) 

for some constant S > 0, where r is the distance from an arbitrarily fixed point in M and 
a smooth nondecreasing function p[r) on [0, c«) satisfies 

p(0) = l, ^0 VA;>0, 

y p[t) ^ L , limsup — < oo. 

t-^oo P[t) 

For example, if 

Ric(Vr,Vr) > -B'r^ {log rf {log{logr)f ■■■ (log'' rf 
for r 1, a tamed exhaustion always exists. 
We now present our main results. 

Theorem 1.3. Let M be a smooth complete Riemannian manifold admitting a tamed ex- 
haustion function. Suppose that a function / : Af — )• M zs bounded below and satis- 
fies A/ > F{f) -\- H{\V f\) for real-valued continuous functions F and H on M such that 
H{0) = 0. 

(1) // lim inf 2,.^oo > for some v > 1, then f is bounded such that F(sup/) < 0. 

(2) // lim inf^^^^^oo -^j^ < for any u > 1, then sup / = oo or f is bounded such that 
F(sup/) <0. 

Theorem 1.4. Let M be as in theorem \1.3l Suppose that a function / : M — )• M is 
bounded above and satisfies A/ > F(f) + i7(|V/|) for F and H as in the above theorem. 

(1) // lim inf2,.-5.-oo '("^^ > /^'^ some v > 1, then f is bounded such that F(inf /) < 0. 

(2) //liminfi._j._oo — f^^ ^''^V > li then inf / = — oo or f is bounded such that 
F(inf /) < 0. 
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As a corollary, we give a semi-elliptic generalization of Liouville's theorem stating that any 
/ G C'^(M?) which is subharmonic (A/ > 0) and bounded above must be constant. 

Corollary 1.5. Let M be as in theorem \1.3\ . 

(1) There exits no f £ C^(M) which is bounded above and A/ > c for a constant c > 0. 

(2) Any f £ C'^{M) which is non-positive and satisfies Af > cl/l'^ for some positive 
constants c and d must be identically zero. 

The proofs of theorems are based on the Omori-Yau almost maximum principle. In section 2, 
inspired by the article [3j of K.-T. Kim and H. Lee, we generalize the Omori-Yau maximum 
principle of the Laplace-Beltrami operator to the above semi-elliptic operator A. 

Remark 1.6. Theorem 11.31 [T7^ and corollary 1 1 . 5 1 can be easily extended to any second-order 
linear semi-elliptic operator 

A + /i, 

for h G C°°(M) just by considering Af > F{f) - hf + H{^f). 

2. Generalized Omori-Yau maximum principle 

Theorem 2.1. Let M be a smooth complete Riemannian manifold admitting a tamed ex- 
haustion function. Then for every real-valued function f on M is bounded above, there 
exists a sequence {pk} on M satisfying the following properties: 

lim \\Vf\\{pk) = 0, limsup A/(pfc) < 0, and lim f{pk) = supf. 

fc^oo fc^oo fc->oo M 

Proof. The proof is similar to the method in the article [3]. Without loss of generality, we 
may assume that supj^j / > by adding some positive constant. 

Now, we choose a point p £ M such that f{p) > 0. For each e > 0, let 

X, = {xe M\u{x) < 

Then forms an increasing sequence of open subsets of M and each closure gives rise 
to a compact exhaustion of M as e J, 0. 

Taking a positive constant r such that p £ X^. Consider the continuous function 

(1 — ru{x))f{x). 

Because {l — ru{p))f{p) > and (1 — ru(x))/(x) vanishes on the boundary of X^.. Moreover, 
because Xr is compact. The function (1 — ru)f attains its maximum value in the set Xj., 
say at pr G Xr, respectively. It is obvious that the maximum value is positive. From now 
on, we fix r. 

Let e be any positive constant smaller than r. Then p G Xr C X^ and 

(1 - eu{p))f{p) > (1 - ru{p))f{p) > 0. 
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The function (1 — en)/ attains a positive maximum value in the set X^, say at pe € X^- 

Since A is symmetric, it is diagonahzable at each point in an orthonormal basis, so we can 
take a normal coordinate (xi, • • • , Xn) around E M such that A at p^ is represented as a 
diagonal matrix, and hence 

~ d 

(2.2) Au\p^ = I]««b€)^^ik +l]a/b€)^^^k> 

where each auip^) is nonnegative, and the entries auip^) and |a;(pg)| are bounded above as 
Pe varies. For a notational convenience, let's introduce locally-defined differential operators 

~ d d ~ d d 

(2.3) V:=aii(pe)- h ••• +a„„(pe)^ — and Vi := ai(pg)^ h ••• + an{Pe 



OX\ OXn OXi OXji 

If u has an extremal value at point p^, 



,2 



Put di = aii{pe) for 1 < Z < n. 



Furthermore, if a real- valued function AB on M has an extremal value at Pe, then one can 
obtain 

(2.4) A{AB)\p^ = {AA\p^ - Vi^|pJB(p,) + 2VA\p^ ■ \7B\p^ + A{pe){AB\p^ - ViB\pJ. 

Note that 2(VA\p^ ■ VB\pJ = 2{VA\p^ ■ VB\pJ. Put e; = \ai(pe)\ for 1 < / < n. 

We may assume that di and ei are the largest of {di, ■ ■ , dn} and {ei, ■ ■ ■ , Cn} respectively. 
Consider a upper-supporting function : ?7 — >■ R for u at p^, where U is an open 
neighborhood ol p^. Then we get 

||Vi;|pJ| < di, ||Vif|pJ| < ei, and Av\p^ < di + ei. 

By taking U further small, we may assume that U C X^ and / is positive on U, since 
f{Pe) > 0. For every x e U, 

(1 - ev{x))f{x) < (1 - eu{x))f{x) < (1 - en(p,))/(p,) = (1 - ev{pe))fip,). 

Since p^ is a local maximum point of (1 — ev)f, we get 

V[(l - 6^;)/]^ = V[(l - ev)f]\p^ = Vi[(l - 6^;)/]^ = 0. 

By a simple calculation, we have 

(1 - ev{pM^f{pe)\\ = e\\Vv{pe)\\f{pe) < edi(sup/). 

M 

From v{pe) = u(pe), we get 

{l-eu{p,mVf{pe)\\<edi{supf). 

M 

Also, because Xr C X^. We have 

(1 - eu{pr))f{pr) < (1 - eu{pe))f{pe). 
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This implies that 

(1 - ru{pr))f{pr)\\Vf{p,)\\ < (1 - eu{pr))f{pr)\\Vf{p,)\\ < (1 - eu{p,)) f {p,)\\V f {p, 

< /(pe)edi(sup/) < edi{supff. 

M M 

So, we conclude that 



l|V/be)||<e- 



;i - ru{pr))f{pr 

(l-ru{pr))f{pr) 



Note that K := n-rain^fuL ^ positive constant independent of e with e < r. Therefore, 
we obtain 



lim||V/||(p,)=0. 

e-i-0 



By the same method as above, we have 

uyjff Ml ^ (supAf ff ||~ , ... eijsupMff 



Therefore, we get 
Now we prove 



lim ||V/||(p,)=0 and lim ||Vi/|| (p,) = 0. 

e->-0 e^O 



limsupA/(pe) < 0. 



Since p^ is a local maximum point of (1 — €v)f, we have A((l — ev)f) < at point p^. Using 
the formula ([2^ . 

[A((l - ev)f)]\p^ = -eAv\pJ{p,) + ef{p,)Viv\p^ - 2eVv\p^ ■ V/|p, + (1 - ev{p,))Af\p^ 
-(l-6t;(p,))Vi/U 

< 0. 

Hence 

(1 - evip,))Af\p^ < 2eVv\p^ ■ V/|p, + eAv\pJip,) - efip,)Viv\p^ + (1 - evip,))Vif\p^ 

< e(2||V/|pJ| + (di + ei)sup/ + ei sup/) + ||Vi/|pJ|(l - ev{p,)) 

M M 

< e{2eK + {di + ei) sup / + ei sup /) + || Vi/|p, || (1 - ev{p,)). 

M M 

Since (1 — eti(pe)) = (1 — ev{p^)) > 0, we get 

X^i ^ {2eK + {di+ei)supMf + (iisupMf) ~ 
A/k < ^ (1 - enip,)) + 

As above, we obtain 

T.| . (2eE: + (di + ei) sup^ f + ei supM /)(suPm /) , ei(sup^^/)2 



(1 - eu{pe))f{Pe) (1 - ru{pr))f{pr 

^ ^ (2eE: + (di + ei)supj^j/ + eisupAj-/)(supAj-/) ^ ^ ei(supA^/)^ 



(1 - ru{pr))f{pr) (1 - ru{pr))f{pr) ' 

Therefore, we conclude that there is a positive constant C independent of e such that 
A/|p. < Ce. 
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It only remains to show that lime->o fiPe) = sup^/ /. 

Let r] be any positive constant such that supj^f f > V- We may choose a point q £ M such 
that f{q) > suppj / ~ 2' because / is bounded above. Also, we choose a positive constant 
e with e < r such that q £ X^. Taking a sufficiently small value for e, we get 

(1 - eu{pe))f{pe) > (1 - eu{q))f{q) > sup / - rj. 

M 

Since < 1 — eu{pe) < 1, we have 

fip.) >^^^^^,> sup f-,. 

(1 - eu{Pe)) M 



□ 

Remark 2.5. Recently L.J. Alias, D. Impera, and M. Rigoli [1] have proved a generalized 
Omori-Yau maximum principle as above under a stronger assumption. 

They used it to obtain certain estimates of higher order mean curvatures of hypersurfaces 
in some warped product spaces, and D. Impera ^ similarly obtained such estimates for 
spacelike hypersurfaces in Lorentzian manifolds. 

3. Proof of Theorem 11.31 

We follow the idea of [4]. We may choose a constant a such that / + a > 0, because / is 
bounded below. Let G : M ^ be a function such that G = {f + a)^ where q > 1 
is a constant. 

Since G is bounded below, the proof of theorem 12.11 tells us that for any 6 > there exists 
a point p^ G M such that 

(3.1) |VG(pe)| < S, \VG{p,)\ < 6, AGip,) > -6, and infG + 5 > 

where V is defined by (j2.3p . Note that G{pe) — >• inf G and f{pe) sup / as 5 — t- 0. 
By a direct calculation, 

(3.2) VGU = (^^)G(p.)f^V/|p,. 



Lemma 3.3. 

(3.4) AG\p^ = -(i±l)G(p,)^VG|p, • V/|p, + (l^)G(p,)f^A/|p,. 



Proof. By (j2.2p . evaluating AG at p^, we have 

AG\p^ = ^aii{p^)^^G\p^ + X^'^'(Pe)^<^lp.> where 1 < Z < n. 
By a simple calculation, one gets 

EazKpO^GU = -(^)G(p,)^VGU-V/U+J^a,(Pe)(^)(/+a)"^^(/+a) 
I ^ I ' 
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and 

I '■ I ' 

This yields a desired equality. □ 

By plugging (|3.2p to (j3.4p . we have 

(^)G(pe)^A/|p, = G(p,)AG|p, - (i±i)VG(p,) • VG(p,). 



By dai]), 

(3.5) (^)G(p,)^A/|,, > - 



Applying A/ > F{f) + i/(|V/|) and replacing G by (/ + a) 2 ^ we have 
.^.^ F{f{p,)) + H{\Vf{p,)\) . 26 1 2(g + l) 2 

Assume that sup / < 00. Then as 5 — )• 0, since VG\p^ — )• 0, G is bounded below by positive 
constant, and 

we have i?(|V/(p,)|) 0. Also, the RHS of ([Ml) converges to while the LHS of 
converges to (^^Jp^^^J^q as 5 — )• 0. Thus, we get F(sup /) < 0. 

Now, it is enough to show that when lim infa;_j.oo -^f^ > for some > 1, / must be 
bounded. Suppose that sup / = 00. Then for q < u, the RHS of (|3.6p converges to 0, while 
the LHS of (|3.6p diverges to 00 as 5 — >• 0. This is a contradiction. Therefore, / must be 
bounded. 



4. Proof of Theorem 11.41 

We follow the idea of [4J. Since — / is bounded below, we can apply the proof of theorem 
11.31 to — / with q <1. By the inequality (|3.5p . we get 

(i^)G(p.)^A(-/)|,, > G{p.){-5) - }^^'- 

Applying A/ > F{f) + F(|V/|), we have 

F{f{p,)) + H{\Vf{p,)\) ^ A/(p,) . 2^ 1 2|g + l| 2 

{-f{p,) + aY - {-f(p^)+a)'i (g - 1)2 " 

By a simple calculation, 

By the same method as above, we get H{\'Vf{pe)\) — )• 0. If inf / > —00, then ^(inf /) < 
as (5 — )- 0. 
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Now it only remain to show that if hm inf^j-s^-oo > some < 1, then / is bounded. 

Let's assume that to the contrary inf / = — oo. Then taking q such that ^±1 < and letting 
(5 — )• 0. Then the RHS of (j4.ip converges to while the LHS of (|4.ip diverges to oo. This 
is a contradiction completing the proof. 

5. Proof of Corollary 11.51 

Suppose that / is bounded above and satisfies A/ > c > for a constant c. Applying 
Theorem 11.41 with F = c and H = 0, one conclude that / is bounded and F(mf f) < 0. 
This is contradictory to F = c > 0. 

For a proof of Corollarv 11.51 (2). applying Theorem II .41 with F{f) = c\f\'^, it follows that / 
is bounded and c| inf /j'^ < implying / = 0. 
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